Leibniz algebras are certain generalization of Lie algebras. It is natural to generalize concepts in Lie algebras to Leibniz algebras and investigate whether the corresponding results still hold. In this paper we introduce the notion of complete Leibniz algebras as generalization of complete Lie algebras. Then we study properties of complete Leibniz algebras and their holomorphs.
Introduction
Leibniz algebras are certain generalization of Lie algebras. In particular, a Leibniz algebra lack the anti-symmetry property of Lie algebras. Leibniz algebras were first studied by Bloh [3] in 1965 and later popularized by Loday [9] . A left (resp. right) Leibniz algebra A over field F is a vector space equipped with a bilinear product [ , ] ∶ A × A → A such that the left (resp. right) multiplication operator is a derivation. Following Barnes [2] , in this paper Leibniz algebras will always refer to finite dimensional left Leibniz algebras. We will follow the notations in [4] . In particular, for x ∈ A, the left multiplication operator L x ∶ A → A is defined by L x (y) = [x, y] for all y ∈ A. The vector space of left multiplication operators L(A) = {L x x ∈ A} is a Lie algebra under commutator bracket. Note that a Lie algebra is a Leibniz algebra, but not conversely. An important example of non-Lie Leibniz algebra is the cyclic Leibniz algebra spanned by the powers of a single vector.
A Leibniz algebra A has an abelian ideal Leib(A) = span{x 2 = [x, x] x ∈ A}. The ideal Leib(A) = {0} if and only if A is a Lie algebra. Furthermore, Leib(A) is the minimal ideal for which A Leib(A) is a Lie algebra. For a Leibniz algebra A, we define the ideals A (1) = A = A 1 , A (i) = [A (i−1) , A (i−1) ] and A i = [A, A i−1 ] for i ∈ Z ≥2 . The Leibniz algebra is said to be solvable (resp. nilpotent) if A (m) = {0} (resp. A m = {0}) for some positive integer m. The maximal solvable (resp. nilpotent) ideal of A is called radical (resp. nilradical) denoted by rad(A) (resp. nilrad(A)). A Leibniz algebra A is semisimple if
be the Lie algebra of all derivations of A. An ideal B of A is a characteristic ideal if δ(B) ⊆ B for all δ ∈ Der(A). Many researchers have studied the structure of characteristic ideals of Lie algebras. In the next section we extend some of these results to that of Leibniz algebras. A Lie algebra L is said to be complete if it has trivial center and all its derivations are inner. Meng [11] and his collaborators studied properties of complete Lie algebras. We define a derivation δ ∈ Der(A) to be inner if there exist x ∈ A such that im(δ − L x ) ⊆ Leib(A). We define a Leibniz algebra A to be complete if the center Z(A Leib(A)) = {0} and all derivations of A are inner. As in the case of Lie algebras, we show that nilpotent Leibniz algebras are not complete, but semisimple Leibniz algebras are complete. Finally we define holomorph of a Leibniz algebra and show that the holomorph of a complete Leibniz algebra decomposes like in the case of Lie algebra (see [11] ). However, unlike in Lie algebra case the converse does not hold for Leibniz algebras.
Characteristic Ideals
Let A be a Leibniz algebra and Der(A) be its derivation algebra. An ideal I of A is a characteristic ideal if δ(I) ⊆ I for all δ ∈ Der(A). The left center Z l (A) = {x ∈ A [x, a] = 0 for all a ∈ A} is an abelian ideal of A which contains Leib(A). The following is an easy, but important observation. Proof. For x ∈ A and δ ∈ Der(A) we have δ(
For a solvable (resp. nilpotent) ideal I, we say that its derived length (resp. nilpotency class) is k − 1 if I (k) = 0 (resp. I k = 0) and I (k−1) = 0 (resp. I k−1 = 0). In the case of a Lie algebra L it is shown that the radical [12] (resp. nilradical [10] ) of L is a characteristic ideal under certain condition on the characteristic of the underlying field F . With minor modifications to the Lie algebra proofs we obtain the following results for Leibniz algebras (see [8] ). Theorem 2.2. Let A be a Leibniz algebra over field F . Then the radical rad(A) of A is a characteristic ideal if the characteristic of F is zero or greater than 2 n where n is its derived length. Theorem 2.3. Let A be a Leibniz algebra over field F . Then the nilradical nilrad(A) of A is a characteristic ideal if the characteristic of F is zero or greater than n + 1 where n is its nilpotency class.
The following example is due to Jacobson ([7], page 75) and Seligman ([13] , page 163), for Lie algebras, hence Leibniz algebras over field F of characteristic p > 2. It shows that the bounds on the characteristic of the field in Theorem 2.2 and Theorem 2.3 can not be improved. 
is not a characteristic ideal of M . Since x p = 0, the nilpotent class of L ⊗ N is p − 1 and the derived length of L ⊗ N is the smallest integer m such that 2 m ≥ p. Theorem 2.6. If the Leibniz algebra A is characteristacally semisimple (resp. simple) then the Lie algebra A Lieb(A) is characteristically semisimple (resp. simple). Proof. Let A be a completely semisimple Leibniz algebra.
Proof. Suppose
Then A = A 1 ⊕ A 2 ⊕ ⋯ ⊕ A k where each A i is characteristically simple. Then clearly Leib(A) = ⊕ k i=1 Leib(A i ). Let B be a solvable characteristic ideal of A. Then D = B+ Leib(A) is a solvable characteristic ideal of A. For 1 ≤ i ≤ k, the projection map from A to A i sends D onto a solvable characteristic ideal D i of A i since each derivation δ i of A i extends to a derivation δ of A by defining δ(A j ) = 0 for j = i. Since each A i is characteristically simple we have D i ⊆ Leib(A i ), 1 ≤ i ≤ k. Hence D = B+ Leib(A) ⊆ Leib(A) which implies B ⊆ Leib(A). Therefore, A is characteristically semisimple.
Complete Leibniz Algebra
A Lie algebra is said to be complete if it has trivial center and all its derivations are inner. It is known that semisimple Lie algebras over a field of characteristic zero is complete, while nonzero nilpotent Lie algebras are never complete since it has nontrivial center and it also has outer derivations [6] . Meng [11] has characterized complete Lie algebras in terms certain conditions on its holomorph. Motivated by these results, we define complete Leibniz algebras below and study their properties.
Let A be a Leibniz algebra over field F and Der(A) be its derivation algebra. We say that a derivation δ ∈ Der(A) is inner if there exists x ∈ A such that im(δ − L x ) ⊆ Leib(A). Observe that Z(A Leib(A)) = {0} implies Z l (A) = Leib(A), but not conversely. For example, consider the three dimensional cyclic Leibniz algebra A = span{x,
If a Lie algebra A is complete as a Leibniz algebra, then it is also complete as a Lie algebra since Leib(A) = {0} in this case. Also note that if A is a complete Leibniz algebra, then the Lie algebra A Leib(A) is non-abelian. We say that the Leibniz algebra A is semisimple if rad(A) = Leib(A) (see [1] ). Recall that over field of characteristic zero, semisimple Lie algebras are complete. As shown below the corresponding result holds for Leibniz algebras. Suppose C be a cyclic n-dimensional Leibniz algebra over field F generated by a nonzero element x ∈ C.
Hence C Leib(C) is a one dimensional Lie algebra which implies that C is not complete. The following propositions give explicit descriptions of Der(C) by direct calculations (see [8] ). It is clear from these explicit descriptions that a nilpotent cyclic Leibniz algebra does contain outer derivations, whereas all derivations for a non-nilpotent solvable Leibniz algebra are inner.
x n ] = 0 be the n-dimensional nilpotent cyclic Leibniz algebra. Then Der(C) is a ndimensional Lie algebra spanned by
Proposition 3.6. Let C = span{x, x 2 , ⋯, x n } with 0 = [x, x n ] = ∑ n i=2 k i x i be the n-dimensional nonnilpotent cyclic Leibniz algebra. Then Der(C) is a (n−1)dimensional Lie algebra spanned by {δ 1 , δ 2 , ⋯, δ n−1 } where
It is known that a nilpotent Lie algebra does contain outer derivations [6] . However, as the following example shows there exists nilpotent Leibniz algebras which does not have outer derivations. 
Holomorph of Leibniz Algebra
. Let A be a Leibniz algebra over field F and Der(A) be the Lie algebra of derivations of A. Following the definition of Holomorph of a Lie algebra (see [7] ), we define the Holomorph of the Leibniz algebra A to be the vector space hol(A) = A⊕Der(A), with multiplication defined by [x+δ 1 , y 
In [11] , Meng proved that a Lie algebra L is complete if and only if hol(L) = L⊕(Z hol(L) (L). The following theorem is the corresponding result in the case of Leibniz algebras. 
